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Abstract. The paper contains a simple proof of the classical Hahn decomposition theorem for 
charges and, as a corollary, an explicit measurable in parameter construction of a Radon-Nikodym 
derivative of one measure by another. 



1. Introduction 

This text appeared as an answer to a question of E.B.Dynkin, and was initially meant to appear 
as an appendix to 1 . It contains a straightforward construction of a Hahn decomposition for a 
charge on a measurable space. As an application, we prove measurability by parameter of the 
Radon-Nikodym derivative of one measure by another. 

A required in slightly weaker result was later proved by a much shorter and less elementary 
arguments. 

I would like to thank E.B.Dynkin for asking the question and for transforming the initial version 
of the text to a readable one. 

1.1. Our goal is to prove 

Theorem 1.1. Suppose that Vidv) is a probability measure on a Luzin measurable space (.M,97l), 
and let V(n, C), fi G M, C € 971 be a probability measure in C and a ^-measurable function in fi. 
If, for every /i € M., the measure V(fi, •) is absolutely continuous with respect to V , then there exists 
a 971 x DJI-measurable version of the Radon-Nikodym derivative ^n^y ■ 

Every function / : 971 x 971 — > M + U {0} can be characterized by a countable family of sets 
S r = {/ < r} where r > are rationals. Namely, 

(1.1) /0i ) i/)=inf{r:0i ) i/)eS r }. 

This way we establish a 1-1 correspondence between / and families S r with the properties: 

1.1. A. S r C S r ' for any r < r', 
l.l.B. \J r S r =M x M 

A function / is 971 x 97t-measurable if and only if all S r belong to 971. 

1.2. First, we prove 

Lemma 1.1. Assume that the family S r £ 971 satisfies the conditions \1.1.A\\1.1.B\ and that f is 
defined by {□}. Put S r (fi) = S r D ({>} X M). If 

V(fj,,du) < rPidv) on S r (fj,), 

<1 ' 2 ' ) V(fi,dv)>rP(dv) onM\S r (n), 



then f is a version of ^^ff 



[We write V'{dv) > V"{dv) on B if V'{A) > P"{A) for all A E 971 such that A C B. The 
condition (|1.2J) means that S r (fi),A4 \ S r (n) is a Hahn decomposition of the charge V(fi, •) — rV(-).] 

Proof. We need to demonstrate that, for every A € 971, P(fi,A) = f. fV(dv). Fix 5 > and 
introduce a function 

(1.3) f s (jj,,u)=m5 on {mS </< (m + 1)5}, m = 0,1,2,. ... 

l 
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By (H2J, 

PQi, dv) < (to + l)8V{dv) on {/ < (m + 1)5}, 
^ P(^t, cfr/) > mSV{dv) on {/ > to5}. 

By (0 and 

(1.5) dv) > fsV(dv) > m/(m + l)V(fi, dv) on {mS < f < (m + 1)5}. 
Since to/ (to + 1) is monotone increasing, 

(1.6) /^O) > (n + l)/(n+2)V([i,dv) on {/ > (n + 1)6}. 
We have J. fsP(dv) = Is + Js where 

(1.7) h= [ fsl fs < n sV{dv)<nS 



and J s = J A fslf s >7isV{dv). Since {f s > nS} D {/ > (n + 1)6}, we have, by QUfy . 
(1-8) Js> f f S l f>{n+1)s P(dv)>(n+l)/(n + 2)V(^An{f>(n+l)S}) 

J A 

Since V(fi, dv) < {n + l)5V{dv) on {/ < (n + 1)5}, we have 

(1.9) P(/i, A n {/ > (n + 1)5}) > A) - {/ < (n + 1)5}) > A) - (n + 1)5, 
and we get 

(1.10) J s >(n + l)/(n + 2) (7>0u, A) - (n + 1)5) . 

Let 5 -» O.Then /a | /. By fTTT^. J« -> and therefore J 4 -> fV{dv). It follows from (jl~TU|) 
that J A /P(di/) > (n + l)/(n + 2)P(/i, A). By tending n to oo we get J A fV(dv) > V(/J,, A). On the 
other hand, by jOjL / A /7>(di/) < 7>(m, A). " □ 

2. Construction of family S r 

2.1. On Hahn decomposition. Assume that A is a charge of bounded variation on a measurable 
space (X, A). Hahn decomposition corresponding to A is a representation of X as a disjoint union 
of two sets X- and X +1 such that A(A) > for all measurable A C X + , and A(A) > for all 
measurable A C X_ . We construct such a decomposition in a way to be used for constructing sets 
Sf . 

Theorem 2.1. Let (3 = mi^A A(A) and let Ek C A be such that X(Ek) < f3 + Ck, where > 
and "^2 e k < oo- -Ptrf 

TTie pair 

(2.1) X - = U X + =*\*- 

m> 1 

is a Hahn decomposition corresponding to A. 

Proof. 1°. Note that, if A C E k , then /3 <<C {£ fc \ A} =< (£ fe )- < (A) < /3 + e fc - <C (A) and 
therefore < (A) < e fe . Hence, if A C X TO , then < (A) < which implies that <C (A) < for all 
subsets A of X_ . 
2°. First, note that 

(2.2) A(Ai n A 2 ) < A(Ai) + A(A 2 ) - (3 for all A l , A 2 e A. 
This follows from the identities: 

«(A 1 ) = A(A 1 \A 2 ) + A(A 1 nA 2 ), 
«(A 2 ) = A(A 2 \A 1 ) + A(A 1 nA 2 ), 
A(Ax \ A 2 ) + A(Ax n A 2 ) + A(A 2 \ A x ) = \{A X U A 2 ) > 
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Since -C (E k ) < /3 + e fe , i|2.2[l implies, by induction in t, that X(E m + • • • + E m +e) < [3 + e m + 

h e m+ £ and therefore X(X m ) < [3 + e m where e m = J2k>m tk - 

Now, suppose that X(A) = —S < for some A C X + , and take m such that e m < S. Then, since 
and, therefore, A n X m = 0, we get 

X(Au X m ) = X(A) + X(X m ) <J3 

which contradicts the definition of f3. □ 

2.2. Measurable decomposition related to charge depending on parameter. 

Theorem 2.2. Let A(/i, •), /i G M, be a family of charges on a Luzin measurable space (M,9JV). 
Assume that A(/i, A) is a ^-measurable function of fi G M for any A G 971. Then there exists 
a set X^ G 371 x 971, such that its sections X^(p) = X- (~1 ({fJ-} x M) define Hahn decomposition 
X-(/j,),M.\X-(ij,) of the charge X(p,cdot). 

Proof. Let {!„} G 971, I\ = 0, be a countable family of subsets of M. with the following properties 
C for any A G 971, any e > and any /i G M. there exists n = n(A, e, /i)i such that A(/x, A \ 

in) + X(n, I n \ A) < € 

Finite unions of intervals with rational endpoints form such a family for [0, 1] with Borel „4-algebra. 
Therefore such a family exists for any Luzin measurable space. 

Denote /3(/i) = inf n A(/x, /„). Since X(fj,,I n ) are 971-measurable functions of fi, the f3(p) is also 
97t-measurable. 

Choose a sequence of positive Ck such that J2 e k < 00 • Define 

Ek = [J An^ x In, 

N>1 

where A^,k is the set of all /i such that N is the smallest number with the property X(fi, In) < 

Note that for any fixed \x the family of sections {Ek(p)}k>i, Ekit 1 ) — Ek n ({//} x M), satisfy 
conditions of Theorem l2.ll 

X(fi,E k (v)) < /3Qi) + e(k). 

Therefore, if we put 

X m = p| E k , X_= \J X m cMxM, 

k>m m > 1 

then the sections define Hahn decomposition of X(fi, ■) for any fixed /i. 

Let us prove that X_ G 971 x 971. It is enough to prove that A^,k G 971. The set Y n> k — 
{fi\X(fi, I n ) — (3(n) < ek} is 971-measurable since both A(//, /„) and (3(y) are 971-measurable. Therefore 

A NM = Y N<k \ |J Y n ,k G 971. 

n<N 

□ 

2.3. Proof of Theorem ll.il Let X r _ be the sets constructed in Theorem l2.2l for the charge V(n, •) — 
rV(-). By construction, they satisfy the condition ^21 The following modification of X r _ satisfies in 
addition the conditions 1 1 . 1 . Al 1 . 1 . Bl and, therefore, defines a 971 x 971-measurable version of Radon- 
Nikodym derivative. Put 

(2.3) S = (MxM)\ ({JxA , S r = I |J X r l j US , 

\ r / \r'<r J 

where r, r' denote non-negative rational numbers. 

Evidently, S r G 971 x 971. Evidently, S r > C S r for r' < r, so the condition ll.l.BI holds. Since 
X r _ c S r and by definition of So the condition 1 1 . 1 . Bl holds as well. 

Let us check the conditions of the Lemma [T~T1 i.e. that S r (fi), J\4\S r (n) is a Hahn decomposition 
of the charge V(jjl, ■) — rV(-). 
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Note that 

(2.4) S r (v)\X r _(p) = So(fj) U |J (VV) \Xl(ti) , 

r' <r 

and X'H(fi) define a Hahn decomposition of V(fi, •) — rV(). Therefore, it is enough to prove that all 
the sets on the right side are disjoint from the support of V(^i, •) — rV(-). Since V(\i, •) is absolutely 
continuous with respect to V(-), it is enough to prove that all sets on the right hand side of 12. 41 are 
disjoint from the support of 'P(-). 

By definition of So, V(n, •) — rV{-) is non-negative on Sq({i) for any r > 0. This is possible only 
if V is zero on $o (/•«)■ 

The charge V(n, •) — rV is non- negative on X r _ (/i) \ X r _(p), and the charge 

V(ji,-)-r'V 

is non-positive on X"[_ (fi) \X r L(li). For r' < r this is possible only if V is zero on X r _ (/x) \X r _(p). □ 
This construction can be repeated almost word-by-word to prove 

Theorem 2.3. Suppose {X x ,^ x } cire two families of measure on a measurable space (Y,Ay) an d 
the parameter x belongs to a measurable space (X, Ax)- Assume that for each x the measure fj, x is 
absolutely continuous with respect to X x . 

Assume that X x , [i x are measurable functions in x: for any A £ ay the functions X X (A) and fi x (A) 
are o x -measurable. 

Assume that there exists a countable family {5„} rl6 N C ay such that for any A G ay, any x G X , 
and any e > one can find S n = S n (A, x, e) such that X x (AAS n ) < e and /i x (AAS n ) < e. 
Then there exists a ax x cry -measurable version of the Radon-Nikodym derivative 
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